ON MULTIPLIERS OF HILBERT MODULES OVER LOCALLY 

C*-ALGEBRAS 



MARIA JOITA 



Abstract. In this paper, we investigate the structure of the multipUer module 
of a Hilbort module over a locally C* -algebra and the relationship between the 
set of all adjointable operators from a Hilbert A -module E to a. Hilbert A - 
module F and the set of all adjointable operators from the multiplier module 
M{E) of E to the multiphcr module M{F) of F. 



1. Introduction 

Locally C*-algebras are generalizations of C*-algebras. Instead of being given 
by a single norm, the topology on a locally C*-algebra is defined by a directed 
family of C*-seminorms. Such important concepts as multiplier algebra, Hilbert 
C*-module, adjointable operator, multiplier module of a Hilbert C* -module can 
be defined in the framework of locally C*-algebras. 

In this paper, we investigate the multipliers of Hilbert modules over locally C* 
-algebras. A multiplier of a Hilbert A -module E is an adjointable operator from A 
to E. The set M{E) of all multipliers of is a Hilbert M{A) -module in a natural 
way. We show that M{E) is an inverse limit of multiplier modules of Hilbert 
C* -modules and E can be identified with a closed submodule of M{E) which is 
strictly dense in M{E) (Theorem 3.3). For a countable set of Hilbert A 

-modules, the multiplier module Af(0£'„) of @En can be identified with the set 

n n 

of all sequences {tn)n with i„ e M{En) such that ° *n converges strictly in 

M{A) (Theorem 3. 9). This is a generalization of a result of Bakic and Guljas [1] 
which sates that M{Ha) ( El a is the Hilbert C*-module of all sequences (a„)„ in A 
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such that a* fin converges in the C*-algebra A) is the set of ah sequences (m„)„ 

n 

in M{A) such that the series '^m'!jjn„a and '^am'!^m„ converge in A for ah a in 

n n 

A. 

Section 4 is devoted to study the connection between the set of all adjointable 
operators between two Hilbert A -modules E and F, and the set of all adjointable 
operators between the multiplier modules M{E) and M{F). Given two Hilbert A 
-modules E and F, we show that any adjointable operator from M{E) to M{F) is 
strictly continuous and the locally convex space La{E, F) of all adjointable opera- 
tors from E to F is isomorphic with the locally convex space Lm(A) {M{E), M{F)) 
of all adjointable operators from M{E) to M{F) (Theorem 4.1 ). In particular the 
locally C*-algebras La{E) and Lm{a){M{E)) are isomorphic. The last result is a 
generalization of a result of Bakic and Guljas [1] which states that the C*-algebra 
of all adjointable operators on a full Hilbert (7*-module is isomorphic with the C*- 
algebra of all adjointable operators on the multiplier module. Also we show that 
two Hilbert modules E and F are unitarily equivalent if and only if the multiplier 
modules M{E) and M{F) are unitarily equivalent (Corollary 4.2). 



2. Preliminaries 

A locally C*-algebra is a complete Hausdorff complex topological * -algebra A 
whose topology is determined by its continuous C*-seminorms in the sense that a 
net {ai\iQi converges to in ^ if and only if the net {p(oi)}i converges to for all 
continuous C*-seminorm p on A. 

Here, we recall some facts about locally C*-algebras from [2, 3, 6, 8]. Let A be 
a locally C* -algebra. 

A multiplier on A is a pair {l,r) of linear maps from A to A such that: l{ah) = 
l{a)b, r{ab) = ar{b) and al{b) = r{a)b for all a,b & A. The set M{A) of all multipliers 
of A is a locally C*-algebra with respect to the topology determined by the family 
of C*-seminorms {PM(A)}peS{A), where PM(A){Ur) = sup{p(Z(a));p(a) < 1}. 

An approximate unit for A is an increasing net of positive elements {eijig/ in A 
such that p{ei) < 1 for all p € S{A) and for all i e /, and p {aci — a) +p{eia — a) ^ 
for all p G S{A) and for all a G A. Any locally C*-algebra has an approximate unit. 
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An clement a G A is bounded if ||a||^ = sup{p{a);p G A} < oo. The set b{A) 
of all bounded elements in A is dense in A and it is a C*-algebra in the C*-norm 

IMIoo- 

A morphism of locally C*-algebras is a continuous morphism of * -algebras. Two 
locally C*-algebras A and B are isomorphic if there is a bijective map ^ : A ^ B 
such that $ and are morphisms of locally C*-algebras. 

The set S{A) of all continuous C*-seminorms on A is directed with the order p > 
qiip{a) > q (a) for all a G A. For eachp e S{A), kcrp = {a G A;p{a) = 0} is a two- 
sided *-ideal of A and the quotient algebra A/ kerp, denoted by Ap, is a C*-algebra 
in the C*-norm induced by p. The canonical map from A to Ap is denoted by TTp. 
For p,q G S{A) with p> q there is a canonical surjective morphism of C* -algebras 
TTpq : Ap ^ Aq such that 7rpg(7rp(a)) = TTq{a) for all a e ^ and which extends to a 
morphism of C*-algebras n'p^ : M{Ap) M{Aq). Then {^p; 7rpq}p^g5(^) p>g is an 
inverse system of C*-algebras as well as {M{Ap); TTpq}p^qi=s(A),p>q and moreover, the 
locally C* -algebras A and limAp are isomorphic as well as M{A) and limM(j4p). 

Hilbcrt modules over locally C*-algobras arc generalizations of Hilbort C*-modules 
[7] by allowing the inner-product to take values in a locally C*-algcbra rather than 
in a C*-algebra. Here, we recall some facts about Hilbert modules over locally 
C*-algebras from [4, 5, 6, 8]. 

Definition 1. A pre -Hilbert A-module is a complex vector space E which is also 
a right A-module, compatible with the complex algebra structure, equipped with an 
A-valued inner product {■,■) : E x E ^ A which is C -and A-linear in its second 
variable and satisfies the following relations: 

(1) (^,^)* = for every & E; 

(2) (^,0 >0 for every ^gE; 

(3) ^) = if and only if^ = 0. 

We say that E is a Hilbert A-module if E is complete with respect to the topology 
determined by the family of seminorms {pE}pes(A) where PsiO = ^ 
E. 

An element ^ G is bounded if sup{p^(^);p e ^} < oo. The set b{E) of all 
bounded elements in £^ is a Hilbert b{A) -module which is dense in E. 
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Any locally C* -algebra ^ is a Hilbert A -module in a natural way. 
A Hilbert A -module E is full if the linear space {E, E) generated by {(^, 77) , ^,7] & E} 
is dense in A 

Let E he a Hilbert A-module. For p e S{A), kerp^ = e E;pe{S^) = 
0} is a closed submodule of E and Ep = E/kerp^ is a Hilbert ^p-module with 
(^+kerp^)7rp(a) = ^a-|-kerp^ and -I- kerp^, rj + keip^) — TTp{{^, rf)). The canon- 
ical map from E onto Ep is denoted by Gp . For p,q € S{A), p > q there is a 
canonical morphism of vector spaces ap^ from Ep onto -B, such that c^pq{<Jp {£,)) = 

(0> i & E. Then {i^p; Ap; (7^^, TTp^jp ,jg5(^) p>^ is an inverse system of Hilbert 
C*-modules in the following sense: cr^qUpap) = cFpq{ip)'n:pq{ap),ip ^ Ep,ap e 
{(^pq{^p),'^pq{Vp)) = T^pq{{^p,Vp)),^p,Vp ^ Ep] a^p{^p) = ^p, ^p G Ep and 

a^j. o apg = (Tp^ if p > q > r, and limE'p is a Hilbert j4-module which can be 

p 

identified with E. 

We say that an A-modulc morphism T : E ^ F is adjointablc if there is an 
A-modulc morphism T* : F ^ E such that (T^,??) = {£,,T*ri) for every E E and 
T] Cz F. Any adjointablc ^4- modulo morphism is continuous. The set La{E,F) of 
all adjointablc A-modulc morphisms from E into _F is a complete locally convex 
space with topology defined by the family of seminorms {PLA{E,F)}pes(A)j where 
PLAE,F)m = ll«'^)*(r)IL,^(ij,,F,)' ^ e La{E,F) and «'^),(r)(a^(0) = 
<(T0, ^ e E. Moreover, {LA,iEp,Fp); iT^pi^)*}p,qeS(A),p>q, where {npq^)* : 
LA^Ep.Fp) ^ LA^Eq,Fq), {7r^fUTp){a^iO) = ^U^pi^piO)), is an inverse 
system of Banach spaces, and lim Lyi^^ (i?p, i^p) can be identified with La{E,F). 

Thus topologized, La{E, E) becomes a locally C*-algebra, and we write La{E) for 
La{E,E). 

An element T in La{E, F) is boimded va La{E,F) \i\\T\\^ = s\vp{pla(e,f){T)]P € 
S{A)} < 00. The set b{LA{E,F)) of aU bounded elements in La{E,F) is a Ba- 
nach space with respect to the norm ||-||;^ which is isometric isomorphic with 
L,^AmE)MF)). 

For ^ £ E and rj € F we consider the rank one homomorphism 0^^^ from E 
into F defined by 6*^,^(0 = vitO- Clearly, 6*^,^ e La{E,F) and 6*,*^ = 6*^,^. 
The closed linear subspace of La{E, F) spanned by {^rj.j ; C € E,r] € F} is denoted 
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by Ka{E,F), and we write Ka{E) for Ka{E,E). Moreover, Ka{E,F) may be 
identified with \im K Aj,{Ep, Fp). 

We say that the Hilbcrt A-niodulcs E and F are unitarily equivalent if there is 
a unitary clement U in La{E,F) (namely, U*U =idE and UU* =idp). 

Given a countable family of Hilbert A -modules {-E„}„, the set of all 

n 

sequences with ^„ e En such that X](CniCn) converges in A is a Hilbert 

n 

A-modulc with the action of A on ^ i?„ defined by (C„)ria — {Cn'^)n the inner- 

n 

product defined by (??„)«) = E (Cn>»?n) ■ For each p € ^(A), the Hilbert 

n 

Ap-modules (i^n)p and ( ^ E„ J are unitarily equivalent and so the Hilbert 

n \ n / p 

A-modules 0-Bn and lim0 {En)p are unitarily equivalent. In the particular case 

n V " 

when En = A for any n, the Hilbert A-module A is denoted by Ha- 

n 

3. Multiplier modules 

Let A be a locally C* -algebra and let S be a Hilbert A -module. It is not difficult 
to check that La{A,E) is a Hilbert La{A) -module with the action of La{A) on 
La{A, E) defined hy t ■ m = t o m, t & La{A, E) and m G La{A) and the La{A) 
-valued inner-product defined by = s* ot. Moreover, since 

for all s € La{A, E) and for all p E SiA). the topology on La{A, E) induced by the 
inner product coincides with the topology determined by the family of seminorms 
{Pla{a,e)}pi^s(A). Therefore La{A, E) is a Hilbert La{A) -module and since La{A) 
can be identified with the multiplier algebra M{A) oi A { see, for example, [8]) , 
La{A, E) becomes a Hilbert M (74)-module. 

Definition 3.1. The Hilbert M{A)-module La{A, E) is called the multiplier module 
of E, and it is denoted by M{E). 

Definition 3.2. The strict topology on the multiplier module M{E) of E is one 
generated by the family of seminorms {\\-\\p^a,e}(p,a,i)eS(A)xAxE, where \\-\\p^a,e. 
defined by =Pb (i(a)) +p{t* (0) • 

Theorem 3.3. Let A be a locally C* -algebra and let E be a Hilbert A -module. 
(1) {M{Ep); ij^pq^) ^}p,qeS(A),p>q an inverse system of Hilbert C* -modules. 
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(2) The Hilbert M{A) -modules M (E) and lim M{Ep) are unitarily equivalent. 

p 

(3) The isomorphism, of (2) identifies the strict topology on E with the topology 

on lim M{Ep) obtained by taking the inverse limit for the strict topology on 
p 

the M {Ep) . 

(4) M{E) is complete with respect to the strict topology. 

(5) The map ie ■ E ^ M{E) defined by iE{0 {a) = ^a, a G A em,beds E as a 
closed submodule of M{E). Moreover, iftGM{E) then t- a = is {t {a)) for 
all a G A and {t,iE{C)) m{e) = for all ^ € E. 

(6) The image of iE is dense in M{E) with respect to the strict topology. 

Proof 1. Let p,qG S{A) with p>q,t,ti,t2€ M{Ep), b G M{Ap). Then 



{n^^%{t-b){n,{a)) = • 6) (tt, (a))) = a^, W^tt, (a))) 

= {Kf)*{t)Mbnp{a))) 



and 



ih) , (tt^/)* (t2))^(^^) (tt, (a)) = {{nff). (ii))*«(i2(7r,(a)))) 

= «'^)*(tD«(^2(7r,(a)))) 

= '^pq{{tl°t2){np{a))) 

= «'^)*(il°*2)(7r,(a)) 

= ('rp,'^)*((*i,i2)M(B,))K(«)) 

for all a £ A. Prom these relations we deduce that {M{Ep); {'^pq^)*}p,qeS{A),p>q is 
an inverse system of Hilbert C*-modules. 

2. By (1) lim M{Ep) is a Hilbert lim M{Ap) -module, and since lim M{Ap) 

V V P 

can be identified with M{A), we can suppose that lim M{Ep) is a Hilbert M{A) 
-module. The linear map U : M{E) lim M{Ep) defined by U{t) = {{T^p^^)*{t))p 
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is an isomorphism of locally convex spaces [Proposition 4.7, 8]. Moreover, we have 
{U{t),U{t)) = {{i4'%it),i7r^'%{t))^^^J^ 

for all t e M{E). Prom these facts and [Proposition 3.3, 4], we deduce that is a 

unitary operator from M{E) to lim M{Ep). Therefore the Hilbert modules M{E) 

p 

and lim M{Ep) are unitarily equivalent. 

p 

3. We will show that the connecting maps (tt^^^)*, p,q G S{A) with p > q are 
strictly continuous. For this, let p,q G S{A) with p > q. Prom 

= \\a^,it{7rp (a)))||^^ + 

< \\ti^pm\E, + \\t*{a^m\A, 

= 11*11 Bp, 7rp(a),<7|'(£) 

for all a G A, for all ^ G E, and for all t G M{Ep), we deduce that the map (Tr^^^)* 
is strictly continuous. Clearly, the net {tijig/ converges strictly in M{E) if and 
only if the nets {{n^'^)4ti)}iei, p G S{A) converge strictly in M (Ep) , p G S{A). 

4. Since for each p G S{A), M{Ep) is strictly complete, lim M{Ep) is strictly 

p 

complete, and then by (3), M{E) is strictly complete. 

5. Let p G S{A). The map ie^ ■ Ep -* M{Ep) defined by iEp{tp){ap) = ^pOp, 
Qp £ Ap and S Ep embeds Ep in M (Ep) ( see, for example, [9]). It is not 
difficult to check that ap^ ° lEp = lEg ° (^pg^)* ^oy all p,q G S{A) with p > q. 
Therefore {iEp}p is an inverse system of isometric linear maps. Let is = limj^p- 

Identifying E with lim Ep and M{E) with lim M{Ep), we can suppose that ie is 

p p 
a linear map from E to M(E). It is not difficult to chock that ie (C) (a) = 

iE^^a) = iE{0 • « and («£;(0; «-e(0)m(A) = i^'O all a € ^ and for all £, G E. 
Moreover, if t e M{E), aG A and ^ G E, then 

{t ■ a) (c) = t (ac) = t {a) c = lE {t (a)) (c) 
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and 

it, ^E{0)MiA) (C) = t* (^C) = t* iO C = t* (0 (C) 

for all cG A. 

6. Let {ei}ig/ be an approximate unit for A and let t G M{E). By (5), {t-ei}i^i 
is a net in E. Let p e S'(A), a € A, ^ e .E. Then we have 

\\t ■ - %,a,i = Piit-Bi- t) (a)) +p{{t-ei- tf (0) 

= p{t{e^a-a))+p{e^t* {i)-f* {^)) 

< p{t)p{eia-a)+p{eit*{0-t*{0)- 

Since {ei}i^i is an approximate unit for A, p (ejO — a) — > andp(eif* (0) ~^ 

0. Therefore • ei},e/ converges strictly to t. □ 

Remark 3.4. Let A be a locally C* -algebra. Then the multiplier module M{A) coincides 
with the Hilbert M{A) -module M{A). 

Remark 3.5. According to the statement (5) of the above theorem, E can be iden- 
tified with a closed submodule of M{E). Thus, the range of an element ^ under is 
will be denoted by ^. 

Remark 3.6. According to the statement (5) of the above theorem, EA C M{E)A 
C E. From this fact, and taking into account that EA is dense in E, we conclude 
that M{E)A is dense in E. 

Remark 3.7. (1) If A is unital, then E is complete with respect to the strictly 
topology and so E = M{E). 
(2) If Ka{E) is unital, then, for each p G S{A), KAp{Ep) is unital and by 
[ Proposition 2.8, 1], M{Ep) = Ep. From these facts and Theorem 3.3 (2) 
we deduce that E = M{E). 

Remark 3.8. The map $ : b{LA{A,E)) Li,(A){b{^)- KE)) defined by $ (t) = 
i|b(A); where t\^A) denotes the restrictions of ton b{A), is an isometric isomorphism 
of Banach spaces [Theorem 3.1, 5]). Since 

^{t-b) (a) = {t-b)\b^A){a)=t{ba) 
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and 



($ {t) ■ b) (a) = {t\E ■ b) (a) = t{ba) 



for all t G b{LAiA,E)), for all b G M{b{A)), and for all a G b{A), $ is a unitary 
operator from b{LA{A,E)) to Li,(A)ib{A),b{Ej) [7]. Therefore the Hilbert M {b{A)) 
-modules b{M{E)) and M{b{E)) are unitarily equivalent. 



Let {En}n be a countable family of Hilbert A -modules and let 



str.-0M(£;„) = {{tn)n;tn G M{En) and Y^t^otn converges strictly in M{A)}. 

n n 

If a is a complex number and {tn)^ is an element in str.-0 M{En)^ then clearly 

n 

{<^'^n)n is an element in str.-0M(^n)- 

n 

n n 

Let Gstr.-0M(£;„), and let t =str.-lim t*k°tk- Clearly, { J2 tlotkjn is 

n " k=l fc=l 

an increasing sequence of positive elements in M{A). Then for any element a in A, 

and for any p G <S'(^), {p I J2 o'*^fe(^fe('^)) I }« is an increasing sequence of positive 

Vfc=i / 

numbers which converges to p{a*t{a)). If {ei}i is an approximate unit for A, then 



fe=i fc=i 



PLA{A){^tlotk) = sup{p{^tl{tk{a)))]a€A,p{a)<l} 

fc=i 

n 

sup{limp(S^ eitl{tk{eia))), a G A,p{a) < 1} 



fe=i 



< limj3(Veit^(tfc(ei))) 



fe=i 



< limp{eit{ei)) <pLA(A,E){t)- 



Let (t„)„ , (s„)„ Gstr.-0M(£'„), f =str.-lim J2 tl°tk, s =str.-lim -SfcOSfe, a&A 

n " fc=l " k=l 

andp G S{A). Then 
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k=n k=n k=n 

m 

= Pla{A)C^ {sk,tk ■ a)M{A)) 

k—n 

= PLA(A){{{Sk)k'=n^ {tk ■ a)feL„)M(A)) 

Cauchy-Schwarz Inequality 



< 



< 



k=n k=n 



PL.iA){sf'^PL.(A){Y.^tlotk) {a)f'h{af'^ 

k=n 



and 



P(E < PL.iA){t)'^'PL.iA){J2(4 o Sk) (a))^/^p(a)V2 



k—n k—n 

for all positive integers n and m with m > n. From these facts, we deduce that 

n 

the sequence { X) o tk}n converges strictly in M{A) and then {tn + s^)^ Gstr.- 

k=l 

0M(£;„), since 

n 

m mm 

pQ2{tk + Skr{{tk + Sk){a))) < p{J2tl{tk{a)))+p{J24{sk{a))) 

k=n k—n k—n 

m m 

+P{Y.^l{sk{a)))+p{Y,sl(tk{a))) 

k=n k=n 

for all positive integers n and m with n > m. It is not difficult to check that str.- 
^M{En) with the addition of two elements and the multiplication of an element 

n 

in str.-^M(£^„) by a complex number defined above is a complex vector space. 

n 

Let b G M{A) and Gstr.-0 M(£;„). From 



\k=n J 

\ k=n ) 
/ rn N 
< p{.b)p[Y,t*n{tn{ha)) 



Kk=n / \k=n 



Kk=n 
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for all a G A, for all p G S{A), and for all positive integers n and m with m > n, we 
conclude that J2 (in ■ b)* o (t„ • b) converges strictly in M{A) and so (t„ • 6)„ Gstr.- 

n 

n 

Theorem 3.9. Let {En}n be a countable family of Hilbert A -modules. Then the 
vector space str.-^ M{En) is a Hilbert M{A) -module with the module action de- 

n 

fined by {tn)n - b = {tn- b)^ and the M{A) -valued inner product defined by 

71 

{{tn)n > {Sn)n)M(A) = S^r.-lim^t^ O Sk- 

" fe=l 

Moreover, the Hilbert M{A) -modules str.-@ M{En) and M{^En) are unitarily 

n n 

equivalent. 

Proof. It is not difhcult to check that str.-0 Af(i?„) with the action of M{A) on 

n 

str.-0 M{En) and the inner -product defined above is a pre-Hilbert M[A) -module. 

n 

Let {tn)n estr.-0 M(i?„) and a & A. Then, since 

n 

m rn m 

{t (a) ,tk{a)))=p{Y^ a*tk*itk (a))) < p(a)p(^ (t^* o tk) (a)) 

k=n k=n k=n 

for all p G S{A) and for all positive integers n and m with m>n, {tn{o))n € -£^n- 

n 

It is not difficult to check that the map U ((tn)n) from ^ to 0-^^ defined by 

n 

U ((tn)n) (tt) = (^n(<^))n IS a module morphism. Let {(,^)n ^ 0^n and p G S{A). 

n 

Since 



P{Y.mk)) = snp{pl/f2tUU,a\];p{a)<l} 

k=n \ \k—n I / 



= sup{p(^ (Cfc,tfe(a)»;p(a) < 1} 

k—n 

= sup{p(((C,)r_, (tfe(a))^=J);p(a) < 1} 

Cauchy-Schwarz Inequality 

m m 

= PiJ2 (efc,a))'/'supM5^ {a,tl (i,(a))))i/2;p(a) < 1} 

k—n k—n 



= P(E {^k,^k)y^'snp{p{J2'^% {tk{a)))'/';p{a) < 1} 

k—n k—n 

771 

< p{J2{^k,^k)y^'PL.iA){j2tiotky/' 



k=n 



12 MARIA JOITA 

for all positive integers n and m with m > n, X]^ri(Cn) converges in A. Thus we 

n 

can define a linear map U{{tn)n)* ■ 0M(i?„) ^ Ahy 

n 

C^((tn)nr((Un) = E*"(0- 

n 

Moreover, since 

{U{{tn)n){a),{Un) = (CJn) 

n n 
= (a,U{{tn)nr{{Un)) 

for all a e A and for all (^„)„ e 0S„, e M(0i;„). Thus, we have 

n n 

defined a map U from str.-0 M{En) to M(0 It is not difficult to check that 

n n 

[/ is a module morphism. Moreover, 

{U{{tn)n),U{{Sn)n))M(A){<^) = C/((tn)n)* (f/((«n)n) («)) 

= U{{tn)nn{Sn{a))n) 

= Y.*n = («»)">M(A) («) 

n 

for all a e A and for all (t„)„, (s„)„ estr.-0 M(_E„). 

n 

Now, wc will show that U is surjective. Let m be a positive integer. Clearly, the 
map Pm-.^En^ Em defined by Pm((C„)n) = is an element in La(0 -E„, 

n n 

Moreover, is the embedding of Em in -En- 

n 

Let t G M(0£'„), and t„ = P„ o t for each positive integer n. Then tn € 

n 

M{En) for each positive integer n and t{a) = {tn{a))n foi' a & A. Therefore 
X] a*i^(in(a)) converges in A for all a € ^. Moreover, X] a*i^(tn(a)) = a*t*{t{a)) 

n n 

for all a e ^, and then 

Pla(A) (^tloti^ = supiplj^l^tlotk"^ (a),a^'^ ;p(a) <1} 

= sup{p(Ea*tntfc(a))) ;p(a)<l} 

< sup{p{a*t*it{a)));p{a) < 1} <PL^iA){t* ot) 

for all positive integers n and m with m> n and for all p € S{A). 
Let a e ^. Prom 
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PiEtl (tkia)) =p[{Etl Ma)) , E tl (ife(a)) 

\k—n / \ \k—n k—n 



\ \ \k=n / \k=n / 

W'^), (tno tk) (Ma)), (tt^-^), [Etlotk] (Ma)) 



k=n 



k=n 



< 



k—n 



LAp (Ap) 



Ma),{K'^)A^tk°tk){Ma)) 



k=n 



< Pla(A) [Tfk °tkjp (^{^a, l^^Jl o tk j (a)^ 
= PLMA) {t*°t)p(f: a%{tk{a))) 

\k=n J 

for all positive integers n and m with m > n and for all p € <S'(^), we con- 
clude that X^t^ {tn{o)) converges in A. Therefore estr.-0 M(£J„). Moreover, 

n n 

U {{tn)n) = t and so U is surjective. Prom this fact and taking into that 

{U{{tn)n),U{itn)n))MiA) = {{tn)n, {tn)n) 

for all {tn)n estr.-0M(^„), we conclude that str.-0M(£;„) is a Hilbert M{A) 

n n 

-module and moreover, C/ is a unitary operator [Proposition 3.3, 4]. Therefore the 
Hilbert M{A) -modules str.-0 M{En) and M(0 En) are unitarily equivalent and 

n n 

the proposition is proved. □ 

Remark 3.10. Let {En}n be a countable family of Hilbert A -modules. In general, 
^M{En) is a submodule ofM{^En). 

n n 

Remark 3.11. If A is unital, then^M{En) = M(0£;„). 

n n 

4. Operators on multiplier modules 
Let E and F be two Hilbert A -modules. If T G LM{A)iM{E), M{F)), then 



T{E) C T{M{E)A) = T{M{E))A C M{F)A = F. 

Therefore T{E) C F. Clearly T\e, the restriction of T on E, is a module morphism. 
Moreover, T\e e L{E,F), since 

{T\e{0,V) = {T{lE{0),^E{v))MiA) 

= {iE{0,T*{iEmMiA) = {^,nF{v)) 

for all ^ G -B and for all G F. 
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Theorem 4.1. Let E and F he two Hilbert A -modules. 

(1) Then the com,plete locally convex spaces Ljvf(A)(-^ (-£')) ^{P)) 'J^'^ La{E, F) 
are isomorphic. 

(2) The locally C* -algebras Lm{a){M{E)) and La{E) are isomorphic. 

Proof. 1. We show that the map $ : Lm{a){M{E),M{F)) La{E,F) defined by 
$ (T) = T\e is an isomorphism of locally convex spaces. Clearly, $ is a linear map. 
Moreover, $ is continuous, since 

PLa{E.F) {T)) = PLa{E,F) {T\e) < PLM(A)iM{E),MiF)) (T) 

for all T e Lm{a){M{E), M{F)) and for all p e S{A). To show that $ is injective, 
let T e LM(A)(M(i;),M(F) such that Tj^ = 0. Then 



for all s e M{E) and for all p G 5(A). Therefore T = 0. 

Let T G F). Then, for each s G M(£;), T o s G M(F). Define T : M{E) 
M{F) by T(s) = T o s. Clearly, T is linear. Moreover, 



for all s G M{E), for all r G M(F), for all b G M(A), and for all a e A. Form 
these relations we conclude that T is an adjointable module morphism. Therefore 
T e LM(A)iM{E),M{F)). It is not difficult to check that T\e = T. Thus we 
showed that $ is surjective. Therefore $ is a continuous bijective linear map from 
LMiA){MiE),M{F)) to La{E,F). Moreover, $-i(T) (s) = Tos for all s G M{E) 
andforallT G La{E,F). To show that $ is an isomorphism of locally convex spaces 
it remains to prove that is continuous. Let p G S{A) and T G La{E, F). Then 

Pl,MU)(M(E),M(F))(*"^(I')) = SUp{Pm(F)(I'os);Pm(E)(s) < 1} 

< SUp{pLAiE,F)iT)pLAiA,E){sy,PM{E){s) < 1} 

< PLa{E,F){T). 



PM{F)ins)) = sup{p^(T(s)(a));p(a) < 1} 



= snp{pp{T{s-a)y,p{a)<l} = 




and 
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Therefore is continuous. Moreover, we showed that PLm^a){m{e),m(f))(T) = 
PLa{e,f){T\e) for all p £ S{A) . 

2. By (1) we deduce that the map $ : Lm(a){M{E)) La{E) defined by 
$ (T) = Tj^; is an isomorphism of locally convex spaces. It is not difficult to check 
that $(TiT2) = $(ri)$(T2) and $(r*) = $ (T)* for all r,Ti,T2 G Lm(a){M{E)). 
Therefore $ is an isomorphism of locally C* -algebras. □ 

If E and F are two unitarily equivalent full Hilbert C*-modules, then the Hilbert 
C*-modules M{E) and M{F) are unitarily equivalent [ Proposition 1.7, 1]. This 
result is also valid in the context of Hilbert modules over locally C*-algebras. 

Corollary 4.2. Let E and F be two Hilbert A -modules. Then E and F are 
unitarily equivalent if and only if M{E) and M{F) are unitarily equivalent. 

Proof. Indeed, two Hilbert A -modules E and F arc unitarily equivalent if and only 
if there is a unitary operator U in L{E^ F). But, it is not difficult to check that an 
element T g Lm{a){M{E), M{F)) is unitary if and only if the restriction T\e of T 
on _B is a unitary operator in L{E, F). Therefore, the Hilbert A -modules E and F 
arc unitarily equivalent if and only if the Hilbert M[A) -modules M{E) and M{F) 
are unitarily equivalent. □ 

Corollary 4.3. If E is a Hilbert A -module, then Ka{E) is isomorphic with an 
essential ideal of Km{a){M{E)). 

Proof By the proof of Theorem 4.1, (KAiE)) is a locally C*-subalgebra of 
LM{A)iM{E)). Moreover, the locally C*-algebras Ka{E) and (KAiE)) are 
isomorphic. Clearly, {Ka{E)) is a two-sided *-ideal of Km{a){M{E)). To show 
that {KAiE)) is essential, let ^,7] & E. If ^-^(^j,^)^*^,*^ = for all ti,t2 € 
M{E), then 

^«,r, ((ii o <2 o *3) (a)) = 
for all a G A and for all ^1,^2,^3 G M{E). From this fact and taking into account 
that M{E) {M{E), M{E))j^^^-^ A is dense in E, we conclude that 6*5,^ = 0. □ 

Remark 4.4. //T e Lm{a){M{E),M{F)), then T is strictly continuous. Indeed, 
if {si}i^i is a net in M{E) which converges strictly to 0, then from 

Pp (T {si) (a)) = PF [T {si ■ a)) = pp {T\E{si{a))) < Pla(e,f){T\e)Pe {si{a)) 
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p{Tis,rio)=Pis*iT* m 

for all p e S{A), for all a E A, for all ^ € F and for all i € I, we conclude that the 
net {T(sj)}j£/ converges strictly to 0. 
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